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Longest Increasing Sub-sequence
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« Find a sub-sequence of a given sequence

in which the sub-sequence s elements are
in sorted order, lowest to highest.

« And the sub-sequence is as long as
possible.
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1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16
|o |8|‘4|k2|2|I0|6 “4| ||9 |5||3|3 |H| 7||5|

 An 1ncreasing sub-sequence:

1 2 3 4 ) 6 7 8 9 10 M1 12 13 14 15 16
o ls] a2l 2Tolel sl TolsTis][a]ul7]is]

« The longest one:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
olslal2l2lolelel ] T'T T T Tis]
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Naive solutions:

— For every sub-sequence,

=

QACM Fgiinming Coniest

check 1f 1t 1s LIS
« Time-complexity:

— Every sub-sequence, 0(2VN).

— For each sub-sequence checking needs O(N).
— Total: O(N*2N)

Made By mike199250




L I S ac'z“'_me'?-%‘?:m%,m.:r
Observation:
If 1 2 3 4 5 6 7 8 9
| | = | | )4 | | z

is LIS ended at z,

CT T T 1y

must be LIS ended at y
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- What do we want to know?
— The LIS ended at index k, i.e. LIS[k]

e How can we get that?
— Find the previous number with longest LIS.
— LIS[k] =
max( 1, LIS[1]+1 ) for i<k & num[i] < num[k]
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1 2 3 4 5 6 7 8 9 10 MM 12 13 14 15 16
num| O | 8|4 |12][2f10]efr4]r|ofs|i3f3]in]7]i5]
s | 1 1 1§ £ 0 1 1 1§ [ 1 1|
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LIS

LIS S
1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16
LI8|4|I2|2|I0|6|I4|I|9|5|I3|3|II|7|I5|
I T T T T T T T T T T TITT1 71717
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1 2 3 4 5 6 7 8 9 10 MM 12 13 14 15 16
num| O | 8|4 |12][2f10]efr4]r|ofs|i3f3]in]7]i5]
us ol 1 1 1 0 0 0 1 1 1§ § [ 1 1|
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num|0|8[4||2|2||0|6||4| Lfofsfi3]3]n]7]is]

us [Tf ] ]
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num| O | 8|4 |12][2f10]efr4]r|ofs|i3f3]in]7]i5]
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1 2 3 4 5 6 7 8 9 10 MM 12 13 14 15 16
nUIIm|o|8|4l|2|2||o|6||4|||9|5||3|3||||7||5|
us {ofafo] | f £ [ 1 1 1 § § [ 1 1 |
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num

LIS

1 2 3 4 S5 6 (¢ 8 9 10 M1 12 13 14 15 16

ols]alizl2]wfelia] i ]olsliz]3|ii|z]is]

ifodaf P J VPP TP ] F ] |
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1 2 3 3 011 12 13 14 15 16
num|0|8|4||2[2| | ||| 9533 |7]15]
us [id2fo )] | | [ | HEEERN
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num

LIS

1 2 3 4 o5 6 ¢ 8 9 10 M1 12 13 14 15 16

ols|a]n2l2]wlelia] i olsliz]3|ii]z]is]

iJojoaf2f | V[T [ ] ] [ ]|
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10 11 12 13 14 15 16

|3|3||||7||5|
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1 2 3 4 ) 6 7 8 9 10 M1 12 13 14 15 16
num | 0 | 8 4[|2|2||o|6||4|||9|5||3|3||||7||5|
us 22 T T T T T T TTTTT
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« Time-complexity:
— For each element find the previous longest LIS.

— Every element, O(N)
— Each element, check previous elements, O(N)
— Total: O(N*N) => O(N2)

« Space-complexity:
— Additional LIS array, O(N)
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/* file name: LIS.c ¥/
#finclude <stdio.h>

in‘:’ nmn[ ]={ r r r r r r r r r r r r r r r

int LIS[17];

void Find LIS() N :
= { LIS:
int 1i,3;
for (i=1;i<=16;i++) Pre
=) { '
LIS[i]=1;
for (j=1;3<i;j++)
if (num[j]<num[i] && LIS[j]+I1>LIS[i])
LIS[i]=LIS[j]+;
i }
@ }
int main()
=E
int 1i;

Find LIS();
printf ("num:") ;
for(i=1;i<=1¢;i++)printf ("%24" ,num[i]) ;
printf ("\nLIS:") ;
for(i=1;i<=1¢;i++)printf ("%24" ,LIS[1]) ;
putchar('\n'") ;

return H

: 0.049 s
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http://poj.org/problem?id=2533

I ACIM B i
Learn more!

Sometimes we need to output a solution
too, but how?

1. Find the number backwards.
— Assume ans=length of LIS
— Find k such that LIS[k]=ans.

— Then from index 1~k find i such that
LIS[1] = LIS[k]-1 & & num[i] < num[k], and so on

« 2. Additional array pre[].

— pre[k] = 1 such that
LIS[1] = LIS[k]-1 && num[i] < num[k]
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1 2 3 4 5 6 7 8 9 10 MM 12 13 14 15 16
num| O | 8|4 |12][2f10]efr4]r|ofs|i3f3]in]7]i5]
ns [ 1]2]2f3f2]3]3]4J2[4f3]5]3]5]4]¢]
ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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1 2 3 4 5 6 7 8 9 10 MM 12 13 14 15 16
num| O | 84|12 2f10]e6e 4] |ofs]3f3]i]7]Is
L'Sl'|2|2|3|2|3|3|4|2|4|3|5|3|5|4|L
ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16
num|o |8 f4]i2l2fwo]lelial i |o]s|izl3fiif7]is

us [ 2]23]23|3]4243ls]3]s5]4]e
ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16
num|o |84 ]i2l2folelial 1] ols]izl3]iif7]is

us [ 12232334 2]4|3|s]3]s5]4]e
ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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Learn more! ey

1 2 3 4 5 6 14 8 9 10 M1 12 13 14 15 16
num|o |84 |i2f 2064l 1 ]o]s|iz]a]i]|z]is

us [ 12232334243 ]s]3]s5]4]e
ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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Learn more!

1 2 3 4 5 6 14 8 9 10 M1 12 13 14 15 16
num| o |84 |i2] 2i0f 64l 1 ]ols|iz]3]ifz]is

us [ 1223 23]3[4]2]4|3]s]3]s5]4]e
ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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Learn more!

1 2 3 4 S5 6 7 8 9

mmmmmmmm

10 11 12 13 14 15 16

num | 0 [ 8] 4]i2] 2]10]614] 1

o fs|iz]3|ii|7]is

us |1 {2]2]3]23]3[4]2

403|s]3]|s5|4]s

ore [TV V2] 0 2]5]4fmn]7]3]0o]5]f0]7]14]
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Learn more!

Sometimes O(N2) 1s too slow...
1 2 3 4 5 6 7 8 9

| 1] | [yl | |-
If LIS[x] = LIS[y](mean-while x>=y)
For some z that LIS[z] = LIS[x]+1
we can append z after either x or y to
form LIS, by the way y might be smaller!

That is, for LIS[] = k we can memorize
just one number, the smaller one, y.
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Learn more! iy
1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4|I|9|5|I3|3|II|7|I5|
L']2f2f3]2]3|3[4]2]|4|3[5]3]|5]4([¢6]
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LIS

Learn more! iy
1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16
ﬂ8|4||2|2||0|6||4|||9|5||3|3||||7||5|
If2]2]3]2[3]3]|4]2[4f3]|5]|3[5]4]6]

is=1 [0
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Learn more! e =
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
num|0|8[4||2|2||0|6||4|||9|5||3|3||||7||5|
|_|S|I|2lZ|3|2|3|3|4|2|4|3|5|3|5|4|6|
LIS =2 8
LIS =1 0
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Learn more! e =
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
num|0|8|4ll2|2|lo|6|l4|I|9|5|I3|3|II|7|I5|
|_|S|I|2|2l3|2|3|3|4|2|4|3|5|3|5|4|6|
LIS =2 4
LIS =1 0
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Learn more! e =
1 2 3 4 ) 6 7 8 9 10 M1 12 13 14 15 16
num|0|8|4|I2l2|I0|6|l4|I|9|5|I3|3|II|7|I5|
L|S|||2|2|3lz|3|3|4|2|4|3|5|3|5|4|6|
Lis=3 | |2
Lis=2 | 4
LIS =1 0
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Learn more! e =
1 2 3 4 o) 6 7 8 9 10 M1 12 13 14 15 16
num|0|8|4|l2|2llo|6|l4|I|9|5|I3|3|II|7|I5|
|_|S|I|2|2|3|2l3|3|4|2|4|3|5|3|5|4|6|
Lis=3 | |2
LiIsS=2 | 2
LIS =1 0
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Learn more! e ==
1 2 3 4 ) 6 4 8 9 10 11 12 13 14 15 16
num|0|8|4|l2|2|lol6|l4|I|9|5|I3|3|II|7|I5|
|_|S|I|2|2|3|2|3l3|4|2|4|3|5|3|5|4|6|
Lis=3 | 10
Lis=2 | 2
LIS =1 0

Made By mike199250



Learn more! e ==
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
num|0|8|4|l2|2|lo|6ll4|I|9|5|I3|3|II|7|I5|
|_|S|I|2|2|3|2|3|3l4|2|4|3|5|3|5|4|6|
LIS =3 6
LIS =2 2
LIS =1 0
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Learn more! i

num

LIS

1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4l||9|5|I3|3|II|7|I5|
|I|2|2|3|2|3|3|4l2|4|3|5|3|5|4|6|

Lis=4 | |4

LIS =3 6

LIS =2 2

LIS =1 0
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Learn more! i

num

LIS

1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4|Il9|5||3|3||||7||5|
|I|2|2|3|2|3|3|4|2l4|3|5|3|5|4|6|

Lis=4 | |4

LIS =3 6

LIS =2 |

LIS =1 0
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Learn more! i

num

LIS

1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4|I|9l5||3|3||||7||5|
|||2|2|3|2|3|3|4|2|4l3|5|3|5|4|6|

LIS =4 9

LIS =3 6

LIS =2 |

LIS =1 0
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LIS

Learn more! i
1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4|I|9|5l|3|3||||7||5|
|I|2|2|3|2|3|3|4|2|4|3l5|3|5|4|6|
LIS =4 9
LIS =3 5
LIS =2 |
LIS =1 0
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LIS

Learn more! iy
1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4|I|9|5|I3l3||||7||5|
|I|2|2|3|2|3|3|4|2|4|3|5l3|5|4|6|
Lis=5 | I3
LIS =4 9
LIS =3 5
LIS =2 |
LIS =1 0
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Learn more! iy
1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|I4|I|9|5|I3|3l|||7||5|
|I|2|2|3|2|3|3|4|2|4|3|5|3l5|4|6|
Lis=5 | I3
LIS =4 9
LIS =3 3
LIS =2 |
LIS =1 0

Made By mike199250



num

LIS

Learn more! iy
1 2 3 4 5 6 ¢ 8 9 10 M1 12 13 14 15 16
|O|8|4|I2|2|I0|6|4|I|9|5|I3|3|Ill7|l5|
|I|2|2|3|2|3|3|4|2|4|3|5|3|5l4|6|
Lis=s | Il
LIS =4 9
LIS =3 3
LIS =2 |
LIS =1 0
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LIS

Learn more! iy

1 2 3 4 5 §) 14 8 9 10 M 12 13 14 15 16

|O|8|4|I2|2|I0|6|I4|I|9|5|I3|3|II|7[£|

|I|2|2|3|2|3|3|4|2|4|3|5|3|5|4I6|
Lis=5 | |l
LIS =4 7
LIS =3 3
LIS =2 |
LIS =1 0
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Learn more! iy

1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16

|O|8|4|I2|2|I0|6|I4|I|9|5|I3|3|II|7|I5

L]2[2f3]2]3|3[4]2]|4|3[5]3]|5][4]¢
Lis=6 | I3
Lis=5 | !l
LIS =4 7
LIS =3 3
LIS =2 |
LIS =1 0
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Learn more! ooz

There will be some ordering, so we can

use binary-search to find LIS[k], then
update the array.

Find the best place 1t can be, and update
It s greedy!
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