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Sequence
• Sequence

– 數學上的概念為「一連串的數字」，中文譯作「數列」
– Ex. 5, 5, 6, 6, 520
– 資料結構

• Array
• List
• Binary Search Tree
• Binary Indexed Tree
• Segment Tree
• Sparse Table
• Cartesian Tree
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Static Array Query

• prefix sum array

• sum(a, b) = sum(0, b) − sum(0, a − 1) = s[b] – s[a-1]
– Sum(3, 6) = v[3] + v[4] + v[5] + v[6] = s[6] – s[3-1] = s[6] – s[2] = 19

0 1 2 3 4 5 6 7Index

Sequence v[i]

Prefix sum array s[i]

1 3 4 8 6 1 4 2

1 4 8 16 22 23 27 29
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Prefix sum array s[i]

Sequence v[i]

1 4 8 16 22 23 27 29

1 3 4 8 6 1 4 2

Static Array Query
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Outline

Segment Tree

Binary Indexed Tree
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Segment Tree
• Segment Tree

– 有根樹狀結構
– 每個節點記載一個區間[L,R]的資訊，且都有兩個孩子

– 左節點記載[L, 𝐿𝐿+𝑅𝑅
2

]，右節點記載[𝐿𝐿+𝑅𝑅
2

+1, R]

• Operation
– calculating the sum, minimum, maximum of elements in a range =>

O(log n)
– inserting, deleting and modifying the value of an element => O(log n)

• Limitation
– Asegment tree requires more memory and is a bit more difficult to

implement.



made by electron & free999 & a711186

Segment Tree
3 8 9 2 5 6 7 9 1 4

1
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Segment Tree
3 8 9 2 5 6 7 9 1 4

3 8 9 2 5 6 7 9 1 4

1

2 3
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Segment Tree
3 8 9 2 5 6 7 9 1 4

3 8 9 2 5 6 7 9 1 4

3 8 9 6 7 92 5 1 4

1

2 3

4 5 6 7
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Segment Tree
3 8 9 2 5 6 7 9 1 4

3 8 9 2 5 6 7 9 1 4

3 8 9 6 7 92 5 1 4

1

2 3

4 5 6 7

3 8 6 79 2 5 9 1 4

8 9 10 11 12 13 14 15
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Segment Tree
3 8 9 2 5 6 7 9 1 4

3 8 9 2 5 6 7 9 1 4

3 8 9 6 7 92 5 1 4
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2 3

4 5 6 7

3 8 6 79 2 5 9 1 4

8 9 10 11 12 13 14 15

3 8 6 7

16 17 24 25
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Segment Tree
3 8 9 2 5 6 7 9 1 4

3 8 9 2 5 6 7 9 1 4

3 8 9 6 7 92 5 1 4

1

2 3

4 5 6 7

3 8 6 79 2 5 9 1 4

8 9 10 11 12 13 14 15

3 8 6 7

16 17 24 25

Note: 紫色為該段落的最大值
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查詢綠色區段間的最大值
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Segment Tree
• Structure

– E.g. find the maximum
value in a range

• 實作
– 建立 build 

bottom up建立線段樹的初始
狀態

– 修改 cover 
修改線段樹，又可分為單點修
改或區間修改

– 查詢 query 
對線段樹查詢區間 [L , R]
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Segment Tree
• Implement

1) Is this node a leaf
2) Create left subtree
3) Create right subtree
4) pull
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Segment Tree
• Single node modification

1) Is this node a leaf
2) Modify the subtree which contains x
3) pull
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Segment Tree
• Query Segment tree (Find the value in range [L, R])

1) There is no overlap between [L, R] and [x, y] => return -INF
2) [x, y] completely include [L, R] => return the value of this node
3) Others (partial overlap)=> keep query from left and right subtree
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Segment Tree
• 時間複雜度

– 建構線段樹 O(N)
– 查詢和修改 O(log N)
– 共 Q 個操作，總複雜度為 O( N+Q log N)
– 空間複雜度為 O(N)
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Practice
POJ-3264 (link)

http://poj.org/problem?id=3264
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Outline

Segment Tree

Binary Indexed Tree
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Binary Indexed Tree
• Operation

– calculating the sum of elements in a range => O(log n)
– modifying the value of an element => O(log n)

• limitation
– Binary indexed tree can’t insert or delete the nodes.

• Naïve Solution
– 陣列長度 = N
– Query 數 = Q
– 求區間總和，時間複雜度 O(QN)… 
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• Fenwick Tree
• Fenwick trees are particularly designed to implement 

the arithmetic coding algorithm, which maintains counts 
of each symbol produced and needs to convert those to 
the cumulative probability of a symbol less than a given 
symbol. 

• Although Fenwick trees are trees in concept, in practice 
they are implemented as an implicit data structure using 
a flat array analogous to implementations of a binary 
heap

Binary Indexed Tree
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• ori[x]: 原陣列
• c[x]: 從 index 1 到 index x 的元素總和
• s[x]: 建立 BIT 後的新陣列

– s[0] = 0

• 所有的整數都可以表示成2的冪和，我們也可以把一串序
列表示成一系列子序列的和

Binary Indexed Tree
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Binary Indexed Tree
s[i]

S[i]:
the sum of elements in
the range [i − k + 1 , i]
( k is the largest power
of two that divides i )

Sequence ori[i]

lowbit(i) 1 2 1 4 1 2 1 8

1 4 4 16 6 7 4 29

1 3 4 8 6 1 4 2

bit 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)

index 1 2 3 4 5 6 7 8

range [1, 1] [1, 2] [3, 3] [2, 4] [5, 5] [5, 6] [7, 7] [1, 8]



Binary Indexed Tree

ori[i] 1 3 4 8 6 1 4 2

i 1 2 3 4 5 6 7 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

c[i] 1 4 8 16 22 23 27 29

S[i] 1 4 4 16 6 7 4 29



Binary Indexed Tree

lowbit(i) 1 2 1 4 1 2 1 8

Define:

i 1 2 3 4 5 6 7 8

i (2) 0001 0010 0011 0100 0101 0110 0111 01000

-i (2) 1111 1110 1101 1100 1011 1010 1001 11000

ex:
lowbit(1) = 1  [0001]
lowbit(2) = 2  [0010]
lowbit(3) = 1  [0011]
lowbit(4) = 4  [0100]
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Binary Indexed Tree
s[1] = ori[1]
s[2] = ori[2] + s[1]
s[3] = ori[3] 
s[4] = ori[4] + s[3] + s[2]
s[5] = ori[5]
s[6] = ori[6] + s[5]
s[7] = ori[7]
s[8] = ori[8] + s[7] + s[6] + s[4]
…
What’s the regularity? 



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[1] = s[1] + s[1-1=0]
( 0001 + 0000 )

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[2] = s[2] + s[2-2=0]
( 0010 + 0000 )

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[3] = s[3] + s[3-1=2] + s[2-2=0]
( 0011 + 0010 + 0000)

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[4] = s[4] + s[4-4=0]
( 0100 + 0000 )

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[5] = s[5] + s[5-1=4] + s[4-4=0]
( 0101 + 0100 + 0000)

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[6] = s[6] + s[6-2=4] + s[4-4=0]
( 0110 + 0100 + 0000)

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[7] = s[7] + s[7-1=6] + s[6-2=4] + s[4-4=0]
( 0111 + 0110 + 0100 + 0000 )

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)



Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

sum[8] = s[8] + s[8-8=0]
( 1000 + 0000 )

bit(lowbit) 0001 (0) 0010 (1) 0011 (0) 0100 (2) 0101 (0) 0110 (1) 0111 (0) 1000 (3)
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Binary Indexed Tree
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Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

So…what about the change…?
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Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

change ori[1] will affect s[1], s[1+1=2], s[2+2=4], s[4+4=8], …
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Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

change ori[3] will affect s[3], s[3+1=4], s[4+4=8], …
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Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

change ori[6] will affect s[6], s[6+2=8], …
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Binary Indexed Tree

i 1 2 3 4 5 6 7 8

lowbit(i) 1 2 1 4 1 2 1 8

4

3

2

1

0 S[1]

S[2]

S[3]

S[4]

S[5]

S[6]

S[7]

S[8]

change ori[4] will affect s[4], s[4+4=8], …
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Binary Indexed Tree

• Notice: index starts from 1
– index= 0，0 + Lowbit(0) = 0
– infinite loop！！！



made by electron & free999 & a711186

Binary Indexed Tree
• How to find the summation between interval [i…j] ?

– call the subroutine “getsum[j] – getsum[i-1]”

• Expand the 1 dimension into 2 dimension by yourself

• Replace such routines with a segment tree by yourself
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• 時間複雜度
– 建立時間為 O(NlogN)
– 計算任意區間總和、修改時間是 O(log N)
– 共 Q 個操作，總複雜度為 O( N+Q log N)
– 建立空間為 O(N)

Binary Indexed Tree
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Practice
POJ-2352 (link)

http://poj.org/problem?id=2352
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Reference
• 演算法筆記-Sequence

http://www.csie.ntnu.edu.tw/~u91029/Sequence.html#1
• 2015 IOI camp

http://ioicamp.csie.org/content
• Segment Tree
• https://github.com/vo01github/Data_Structures/blob/master/Tr

ee/Segment%20Tree/Segment%20Tree.md
• PKU Judge

Online
http://poj.org/

• Competitive Programmer‘s Handbook (written byAntti 
Laaksonen)

• https://cses.fi/book.html

http://www.csie.ntnu.edu.tw/%7Eu91029/Sequence.html#1
http://ioicamp.csie.org/content
http://poj.org/
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